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PERIODIC SOLUTIONS OF ABREU’S EQUATION
RENJIE FENG AND GA´BOR SZE´KELYHIDI†
Abstract. We solve Abreu’s equation with periodic right hand side,
in any dimension. This can be interpreted as prescribing the scalar
curvature of a torus invariant metric on an Abelian variety.
1. Introduction
Given a smooth periodic function A : Rn → R, we would like to find a
convex function u : Rn → R such that
(1)
∑
i,j
∂2uij
∂xi∂xj
= A,
where uij is the inverse of the Hessian of u. By an affine transformation we
can assume that the fundamental domain for the periodicity is Ω = [0, 1]n.
Our main result is the following.
Theorem 1. For any smooth periodic A with mean 0, we can find a smooth
periodic function φ : Rn → R such that
(2) u(x) =
1
2
|x|2 + φ(x)
is a convex solution of Equation (1). Moreover φ is unique up to adding a
constant.
The proof shows that the result is true with 12 |x|2 replaced with any strictly
convex smooth function f for which fij is periodic. That A must have mean
0 can be seen by a simple integration by parts.
The Equation (1) was introduced by Abreu [A] in the study of the scalar
curvature of toric varieties. In that case the domain of u is a convex polytope
in Rn, and u is required to have prescribed boundary behaviour near the
boundary of the polytope, obtained by Guillemin [G]. This equation has
been studied extensively by Donaldson [D1, D2, D3] finally solving it in the
2 dimensional case, when A is a constant in [D4]. The main difficulty is
dealing with the boundary of the polytope, and in our case this does not
arise. As a result our problem is significantly simpler and the ideas in [D2]
and also Trudinger-Wang [TW2] can be used to solve the equation in any
dimension. Other recent works on Abreu’s equation include the works of
Chen-Li-Sheng [CLS1, CLS2].
†Partially supported by NSF grant DMS-0904223.
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We solve the equation using the continuity method, which relies on finding
a priori estimates for the solution u. We first set up the continuity method,
and prove the uniqueness of the solution in Section 2. Then we need to
obtain estimates for the determinant of the Hessian det(uij) from above and
below, which can be done by a maximum principle argument adapted from
[TW2]. We will show this in Section 3. Then in Section 4, following [TW2]
we use the theorem of Caffarelli-Gutierrez [CG] to obtain Ho¨lder estimates
for det(uij), from which higher order estimates follow from Caffarelli [C]
and the Schauder estimates. This will complete the proof of Theorem 1. An
important step in this method is to obtain the strict convexity of the solution
u in the sense that we need to control at least one section of the convex
function u. For our problem this is quite easy to show in any dimension
even independently of the equation, but in [TW2] and [D2] this is the step
which restricts the results to n = 2.
We mentioned that Abreu’s equation on a convex polytope with suit-
able boundary data is related to prescribing the scalar curvature on toric
varieties. Similarly periodic solutions are related to prescribing the scalar
curvature on Abelian varieties. We will explain this in Section 5.
Acknowledgements. The first named author would like to thank his ad-
visor S. Zelditch for his support and encouragement, and also V. Tosatti for
many helpful discussions.
2. The continuity method and uniqueness
Given any smooth periodic A with average 0, we use the continuity
method to solve the family of equations
(3) (uij)ij = tA,
where u(x) = 12 |x|2+φ(x) for some periodic function φ and we are summing
over the repeated indices.
Let us write S ⊂ [0, 1] for the set of parameters t for which we can solve
Equation (3). Clearly 0 ∈ S, since then φ = 0 is a solution, thus S is
nonempty. To show S is open, we use the implicit function theorem.
Lemma 1. The set S is open.
Proof. Since we are only interested in periodic φ it is natural to work on the
torus T n. Let us write Ck,α0 (T
n) for the space of Ck,α functions on T n with
average 0. Define the map
F : C4,α0 (T n)→ C0,α0 (T n)
φ 7→ (uij)ij ,
where u(x) = 12 |x|2 + φ(x) as before. Note that if φ is periodic then so is
(uij)ij and also integration by parts shows that (u
ij)ij has average 0.
Consider the linearization L of F at φ which is given by
L(ψ) = (uiaψabubj)ij .
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Then L gives a linear elliptic operator
L : C4,α0 (T n)→ C0,α0 (T n).
The operator is self-adjoint and its kernel is trivial so it is an isomorphism.
By the implicit function theorem, this means that if Equation (3) has a
smooth solution for t = t0, then we can solve the equation for all nearby t
too. This nearby solution is a priori in C4,α, but by elliptic regularity it is
actually smooth. Hence S is open. 
The fact that S is closed follows from the a priori estimates for the solution
given in Lemma 5, which will complete the existence part of Theorem 1. For
now we will prove the uniqueness of the solution.
Lemma 2. Suppose that φ0 and φ1 are periodic and that u =
1
2 |x|2 + φ0
and v = 12 |x|2 + φ1 are convex functions satisfying
(uij)ij = (v
ij)ij = A.
Then φ0 = φ1 + c for some constant c.
Proof. Consider the functional
FA(φ) =
∫
Ω
− log det(uij) +Aφdµ,
where Ω is the fundamental domain, u = 12 |x|2 + φ as usual and dµ is the
Lebesgue measure. This is analogous to the functional used by Donald-
son [D1] which in turn is based on the Mabuchi functional [M].
This functional is convex along the linear path φt = (1 − t)φ0 + tφ1, in
fact writing ψ = φ1 − φ0 we have
(4)
d2
dt2
FA(φt) =
∫
Ω
(ut)
iaψab(ut)
bjψij dµ > 0,
where ut =
1
2 |x|2 + φt.
At the same time
d
dt
FA(φt) =
∫
Ω
−(ut)ijψij +Aψ dµ =
∫
Ω
[
A− (u ijt )ij
]
ψ dµ,
where we can integrate by parts without a boundary term because of the
periodicity. By our assumptions, this derivative vanishes for t = 0 and t = 1,
so by the convexity (4), the functional FA(φt) is constant for t ∈ [0, 1]. It
then follows from (4) that∫
Ω
(u0)
iaψab(u0)
bjψij dµ = 0,
and since u0 is convex and ψ is periodic, this implies that ψ is a constant. 
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3. Bounds for the determinant
In this section we will prove the following.
Lemma 3. Suppose that φ : Rn → R is a periodic smooth function and
u(x) = 12 |x|2 + φ(x) satisfies Abreu’s Equation (1). Then
c1 < det(uij) < c2,
where c1, c2 > 0 are constants only depending on A.
First we give a simple C0 and C1 bound for φ.
Lemma 4. If φ is periodic, φ(0) = 0 and 12 |x|2 + φ(x) is convex, then
|φ|, |∇φ| < C
for some constant C.
Proof. Since φ is periodic, it is enough to consider the fundamental domain
Ω = [0, 1]n. Since 12 |x|2 + φ is convex, we must have the lower bound
D2φ > −Id on the Hessian of φ. If supΩ φ = φ(xmax) then we get for every
y that
φ(y) > φ(xmax)− |y − xmax|2.
Using that φ is periodic and φ(0) = 0, it follows from this that |φ| < C for
some uniform C. It follows from the convexity of u that |∇φ| < C too. 
Now we turn to the proof of Lemma 3, using ideas from Trudinger-
Wang [TW2]. While it is not strictly necessary, it is convenient to study
instead the Legendre transform v of the convex function u. The dual coor-
dinate y is defined by y = ∇u, and then v is defined by the equation
v(y) + u(x) = y · x.
The Legendre transform v is of the form
v(y) =
1
2
|y|2 + ψ(y),
where ψ : Rn → R is periodic. Moreover v satisfies the equation
(5)
vijLij = A˜
L = log det(vab),
where A˜(y) = A(x), so certainly sup |A˜| = sup |A|. Since det(vab)(y) =
det(uab)
−1(x), to prove Lemma 3 it is enough to bound det(vab) from above
and below by a constant depending on sup |A˜|.
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3.1. Upper bound for det(uij). Consider the function
f(y) = L+
1
2
|y|2 + 2ψ,
where L = log det(vab). Since vij and ψ are both periodic, the global min-
imum of f must be achieved at some point p ∈ [−1, 1]n. We can rewrite f
as
f(y) = L− 1
2
|y|2 + 2v.
At the point p we have
0 6 vijfij = A˜− vii + 2n,
So
vii(p) 6 sup |A˜|+ 2n.
By the arithmetic-geometric mean inequality, we have
det(vij)(p) 6
(
Tr(vij)(p)
n
)n
6 c,
where c = ( 1n supΩ |A˜|+2)n > 0 is a constant. Since p is the minimum of f ,
for any y ∈ Ω = [0, 1]n we have
log det(vij)(y) > log det(vij)(p) +
1
2
|p|2 + 2ψ(p) − 1
2
|x|2 − 2ψ(x) > c′,
for some constant c′. The last inequality is given since det(vij)(p) >
1
c
and the rest can be bounded by Lemma 4 in the region Ω. Thus we have
det(vij)(x) > e
c′ > 0. By Legendre duality, we have
det(uij) < e
−c′
where c′ is some constant only depending on sup |A˜| = sup |A|.
3.2. Lower bound for det(uij). Now consider the function
g(y) = −L− β|∇v|2 + v = −L+ ψ − β|∇v|2 + 1
2
|y|2.
Choose β sufficiently small such that on Rn, we have
β|∇v|2 6 1
4
|y|2 + 1.
Such β exist since ∇v = y +∇ψ and sup |∇ψ| < c. This implies that
1
4
|y|2 − 1 6 −β|∇v|2 + 1
2
|y|2 6 1
2
|y|2,
so that
(6) sup
B(2)
(
−β|∇v|2 + 1
2
|y|2
)
< inf
Rn\B(4)
(
−β|∇v|2 + 1
2
|y|2
)
,
where B(R) denotes the ball of radius R around the origin. Since −L+ ψ
is periodic and the fundamental domain Ω ⊂ B(2), this inequality shows
that the global minimum of g(y) is achieved at a point q ∈ B(4). Indeed if
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y 6∈ B(4) and y′ ∈ Ω denotes the corresponding point in the fundamental
domain, then the inequality (6) implies that g(y′) < g(y), so the minimum
cannot be outside of B(4).
At q, we have
(7) 0 = gi = −Li − 2βvkvki + vi
and
0 6 vijgij = −A˜− 2βvij(vkivkj + vkvijk) + n = −A˜− 2βvkk − 2βvkLk + n,
where we used that vijvijk = Lk. Using Equation (7) we then get that at
the point q,
0 6 −A˜− 2βvkk − 2βvkLk + n
= −A˜+ n− 2βvkk − 2β|∇v|2 + 4β2vkvivik
6 sup |A˜|+ n− 2βvkk + 4β2|∇v|2vkk.
Because of Lemma 4, we alreadly have a bound for |∇v| on B(4). So we can
choose β sufficiently small such that 4β2|∇v|2(q) 6 β, which implies
βvkk(q) 6 sup |A˜|+ n.
Thus we have at q, by arithmetic-geometric mean inequality again,
log det(vij)(q) ≤ c
for a constant c depending only on sup |A˜| = sup |A|. Since q is the minimum
of g and we can bound |∇v| and |v| uniformly on Ω = [0, 1]n by Lemma 4,
we have for any y ∈ Ω
L(y) 6 L(q) + β
(|∇v|2(q)− |∇v|2(y)) + v(y)− v(q) < c′′
where c′′ is a finite constant only depending on sup |A|. Thus by Legendre
duality again, we have
det(uij) = det(vij)
−1 > e−c
′′
on Ω, but det(uij) is periodic, so this lower bound holds everywhere. This
completes the proof of Lemma 3.
4. Higher order estimates
Given the determinant bound of Lemma 3, we can obtain estimates for
all derivatives of the solution in terms of the “modulus of convexity”, using
the results of Caffarelli-Gutierrez [CG] on solutions of the linearized Monge-
Ampe`re equation and Caffarelli [C] on the Monge-Ampe`re equation. This is
roughly identical to the discussion in Section 5.1 of Donaldson [D2], which
in turn is based on the work of Trudinger and Wang [TW1, TW2].
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Lemma 5. Suppose that φ : Rn → R is a periodic smooth function and
u(x) = 12 |x|2 + φ(x) satisfies Abreu’s Equation (1). Then there exist con-
stants ck depending on A such that
c1I < (uij) < c2I
|∇kφ| < ck.
Proof. To prove this, we rewrite the equation in the form
(8)
U ijwij = A
w = (det(uab))
−1,
where U ij is the cofactor matrix of the Hessian uij . This form follows from
the original form of the equation because (U ij)i = 0.
Now define the section S(h) = {x ∈ Rn |u(x) < h}. There exists a linear
transformation T which normalizes this section, which means
(9) B(0, αn) ⊂ T (S(h)) ⊂ B(0, 1),
where αn > 0 is a constant depending on n only. The bound on det(uab)
from Lemma 3 and the results in [CG] imply that we have a Ho¨lder bound
‖w‖Cα(S(h/2)) 6 C0,
but the constants α,C0 depend on the norms of T and T
−1 (in addition to
depending on supw, sup |A|, but those are already controlled). In [CG] this
is shown for the homogeneous equation where A = 0, but the argument can
be extended to the non-homogeneous case. Namely the Harnack inequality
(Theorem 5 in [CG]) extends as explained in Trudinger-Wang [TW3] after
which the arguments are identical.
So we simply need to control T and T−1. Note that from Lemma 4 we
have
1
2
|x|2 − C 6 u(x) 6 1
2
|x|2 + C
for some C, which implies that if u(x) = h, then√
2(h− C) 6 |x| 6
√
2(h+ C).
In particular for sufficiently large h we have
(10) B(
√
h) ⊂ S(h) ⊂ B(
√
3h).
Let us choose h large enough so that [0, 1]n ⊂ S(h/2). Then (10) together
with (9) gives bounds on T and T−1 for this choice of h. We then have a
Cα bound on w in S(h/2), and in particular in [0, 1]n. Since w is periodic,
this gives a Cα bound on w everywhere.
Now Caffarelli’s Schauder estimate [C] gives C2,α bounds on u in [0, 1]n.
From this standard Schauder estimates [GT] applied to the Equations (8)
give bounds on the higher order derivatives of u. 
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5. Abelian varieties
Theorem 1 can be interpreted as prescribing the scalar curvature of a
torus invariant metric in the Ka¨hler class of a flat metric over an Abelian
variety. In this section we briefly explain this.
Let V be a n-dimensional complex vector space and Λ ∼= Z2n a maximal
lattice in V such that the quotient M = V/Λ is an Abelian variety, i.e., a
complex torus which can be holomorphically embedded in projective space.
For brevity, we only consider the Abelian varieties M = Cn/Λ where Λ =
Zn + iZn. The case of general lattices can be reduced to this case by an
affine transformation.
We write z ∈M as z = x+ iy, where x and y ∈ Rn and can be viewed as
the periodic coordinates of M . Let
ω0 =
√−1
2
n∑
α=1
dzα ∧ dz¯α =
n∑
α=1
dxα ∧ dyα
be the standard flat metric with associated local Ka¨hler potential 12 |z|2. The
group T n = (S1)n acts on M via translations in the Langrangian subspace
iRn ⊂ Cn, thus we can consider the following space of torus invariant Ka¨hler
metrics in the fixed class [ω0],
HTn =
{
ψ ∈ C∞Tn(M) : ωψ = ω0 +
√−1
2
∂∂¯ψ > 0
}
.
Functions invariant under the translation of T n are independent of y, so
they are smooth function on M/T n ∼= T n. In other words they are smooth
Z
n-periodic functions in the variable x ∈ Rn.
Let us write the Ka¨hler potential in complex coordinates as
f(z) =
1
2
|z|2 + 4ψ(x),
where ψ is a periodic function of x. Then it is easy to see that fij¯ = δij+ψij ,
where ψij is the real Hessian of ψ. Let us also define the function v : R
n → R
given by
v(x) =
1
2
|x|2 + ψ(x).
Note that then fij¯ = vij so in particular v is strictly convex. It follows that
the scalar curvature of the metric is given by
(11) S = −
∑
i,j¯
f ij¯ [log det(fab¯)]ij¯ = −
1
4
∑
i,j
vij [log det(vab)]ij .
Let us now take the Legendre transform of v, with dual coordinate t =
∇v(x). The transformed function u is defined by
u(t) + v(x) = t · x.
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A calculation (see Abreu [A]) then gives
(12) S(x) = −1
4
∑
i,j
∂2uij(t)
∂ti∂tj
,
i.e. the scalar curvature equation is equivalent to Abreu’s equation, where
the equivalence is given by the Legendre transform.
Thus Theorem 1 implies that we can prescribe the scalar curvature of
torus invariant metrics on an Abelian variety, as long as we work in the
Legendre transformed “symplectic” coordinates instead of the complex co-
ordinates. For example in complex dimension 1, working in complex coordi-
nates essentially amounts to working in a fixed conformal class. In this case
Kazdan-Warner [KW] have given necessary and sufficient conditions for a
function to be the scalar curvature of a metric conformal to a fixed metric g.
Their conditions are that either S ≡ 0, or the average of S with respect to
g is negative and S changes sign. When working in symplectic coordinates
(and only S1-invariant metrics) then we have seen that the condition is that
S has zero mean.
References
[A] M. Abreu, Ka¨hler geometry of toric varieties and extremal metrics, Internat. J.
Math. 9 (1998), 641–651.
[C] L. A. Caffarelli, Interior W 2,p estimates for solutions of Monge-Ampe`re equa-
tions, Ann. Math. 131 (1990), 135-150.
[CG] L. A. Caffarelli and C. E. Gutie´rrez, Properties of the solutions of the linearized
Monge-Ampe`re equations, Amer. J. Math, 119 (1997), 423-465.
[CLS1] B. Chen, An-Min Li, L. Sheng, Extremal metrics on toric surfaces,
arXiv:1008.2607
[CLS2] B. Chen, An-Min Li, L. Sheng, The Ka¨hler metrics on constant scalar curvature
on the complex torus, arXiv:1008:2609
[D1] S. K. Donaldson, Scalar curvauture and stability of toric varieties, J. Differential
Geom., 62 (2002),289-349.
[D2] S. K. Donaldson, Interior estimates for solutions of Abreu’s equation. Collect.
Math. 56 (2005), no. 2, 103-142.
[D3] S. K. Donaldson, Extremal metrics on toric surfaces: a continuity method, J.
Differential Geom. 79 (2008), no. 3, 389–432.
[D4] S. K. Donaldson, Constant scalar curvature metrics on toric surfaces, Geom.
Funct. Anal. 19 (2009), no. 1, 83–136.
[G] V. Guillemin, Ka¨hler structures on toric varieties, J. Differential Geom. 40
(1994), 285–309.
[GT] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Eequations of Second
Order, 2nd.Edition, Springer 1983.
[KW] J. L. Kazdan and F. W. Warner, Curvature functions for compact 2-manifolds,
Ann. of Math. (2) 99 (1974), 14–47.
[M] T. Mabuchi, K-energy maps integrating Futaki invariants, Tohoku Math. J. 38
(1986), no. 4, 575–593.
[TW1] N. S. Trudinger and X. Wang, The Bernstein problem for affine maximal hyper-
surfaces, Invent. Math. 140, 399-422, 2000.
10 RENJIE FENG AND GA´BOR SZE´KELYHIDI†
[TW2] N. S. Trudinger and X. Wang, Bernstein-Jo¨rgens theorems for a fourth order
partial differential equation, J. Partial Differential Equations, Vol 15 (2002), 78-
88.
[TW3] N. S. Trudinger and X. Wang, The Monge-Ampe`re equation and its geometric
applications, Handbook of geometric analysis, no. 1, 467–524, Adv. Lect. Math.
7, Int. Press, Somerville, MA, 2008.
Department of Mathematics, Northwestern University, Evanston, IL
E-mail address: renjie@math.northwestern.edu
Department of Mathematics, Columbia University, New York, NY
E-mail address: gabor@math.columbia.edu
